
 

O First two small observations on the killing form B

B is invariant under
A E Ant Y

HE Aut19 if ACE y LAX Ay

A ad adan A G A ad AI adax

Hence
B Ax Ay tr f adax aday

tr Aad At Aady A

tr A ack adyA tread ady

Bix y

This implies B is invariant under a c Derly

aEDerly acte 9 ax y t x ay

since Derly Lie Ant 19

Cary Bex y the killing form is invariant under ad

Namely Blad x y it B
x edgy1 0

We used the killing form B is invariant under adg in the

last lecture on the structure of semi simple Lie algebras

theorem El Y is a compact lie algebra namely g Lie a

for a compact lie group

then of 3181 9 St g S

g is semi simple

ji If G is a simple Lie algebra then G is compact
BC O



Pf If G is compact I dm which is bi invariant

HI 7 on of define

x y Sg Adger Adg181 du

is Adg invariant

C Y is also ady
invariant in the Sease

Y Y J Y ad t o

Using the invariant inner product
which is always hou degenerate

ad E socof namely it is skew symmetric

If adv has matrix for Aj

BG x tut doo adat EIAijAji
Aig Co unless AE 0 E ad

Hence we have showed Bex x to unless ad o Exe figs

Now consider H Y J E G

x y 2 X C's 277 0

x y 37 0 x at 0

x e y't e x e 3191

9 3151 08

Since if X E g ad BCK a o of is semi simple



Forli One direction is easy

If g is simple compact Zig g
Sin J 5 Notabelia

But 2cg is an idea 3151 0 of of

Bly 50 by lil

Forthe other direction Y is simple Auto II tig is

discrete But on Antlg B Co B is an Antiq

invariant namely 13 Ax Ay BE Y

AE Antis is E 0cg with respect to B

Antis C 0191

Antig clearly
is closed since ACG y Ax Ay is

a close condition Ant g is compact Ant of Itg

must be finite

Intl g is compact
int181 I g due to keradzes

Intig is a compact lie group
with of as its Lie

algebra

Corollary Y is w part 9 215105,0 Gu

Gi compact simple



Weylistheoren

61 A compact Lie group
with finite center must be

Semi simple

Ci If G Lie group of its lie algebra

If y is semi simple Bly o G must be compact

Def G is called semi simple iff g is semi simple
nilpotent

nilpotent
solvable

solvable

Pf Is Z G Centerof G

3181 Lie zig I Proved before

ZIG discrete 3191 0 g is semi simple

Ii I Algebraic proof

We present a Riemannian
geometric proof

Bonnet Meyer
Theorem M g a Riemannian Wfld

Complete Ric Ig Ric stands for the Ricci curvature

a constant of g
o

Dial ME

In particular Mis compact

Rick y RCE K Y er Fei orthonormal basis
i i f

Curvature tensor

The proofof His is to use BM by calculating the Ricci

Curvature of a Bi invariant metric
see calculation Paf fordetails


